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Abstract

It 1s well-known that the GRAPH 3-COLORABILITY problem, deciding whether a given graph has
a stable set whose deletion results in a bipartite graph, is NP-complete. We prove the following
related theorems: It is NP-complete to decide whether a graph has a stable set whose deletion
results in (1) a tree or (2) a trivially perfect graph, and there is a polynomial algorithm to
decide if a given graph has a stable set whose deletion results in (3) the complement of a
bipartite graph, (4) a split graph or (5) a threshold graph. © 1998 Elsevier Science B.V. All
rights reserved.

Keywords: Graph partitions; Graph coloring; Special graph classes; NP-completeness; 3SAT,
2SAT

1. Introduction and results

Let k£ be a positive integer. A graph is k-colorable if its vertex set can be parti-
tioned into £ pairwise disjoint stable sets. Karp [12] proved that deciding whether a
graph admits a k-coloring is NP-complete for £ >3. The problem “Is a given graph
3-colorable?” has been discussed for many special graph classes; among them pla-
nar graphs with maximum degree four [7, 6], triangle-free graphs [13], and triangle-
free graphs with maximum degree four {14], and very recently 4-regular Hamiltonian
graphs [17]. It turned out that GRAPH 3-COLORABILITY remains NP-complete for these
graph classes.

Here we shall discuss some variants of GraPu 3-coLoraBiLITY, Our discussion is
motivated by the proof of the NP-completeness of GRAPH 3-COLORABILITY given by
Garey et al. [7]). A bipartite graph is one whose vertex set can be partitioned into
two disjoint stable sets. With this notion, GRAPH 3-COLORABILITY can be restated as fol-
lows: “Given a graph G, does G have a stable set S such that G — S is a bipartite
graph?”. Now, as pointed out by Monien [16], it can be derived from the proof of
Garey et al. [7] that the following holds:
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Theorem 1 (Garey et al. [7]). It is NP-complete to decide whether a given graph G
has a stable set S such that G — S is a forest.

Notice that every bipartite graph G has a stable set .S such that G — S is a forest.
The main result of this paper is:

Theorem 2. It is NP-complete to decide whether a given bipartite graph G with
maximum degree four has a stable set S such that G — S is a tree.

We now are going to give other related theorems. A graph is a split graph if its
vertex set can partitioned into a clique and a stable set. A typical subclass of split
graphs is the class of threshold graphs (graphs without chordless path P4 and cycle
C, with four vertices, and no complement of a Cy). Graphs without chordless P4 and
Cy are called trivially perfect graphs. For more information on all these graph classes,
see [3].

Theorem 3. It is NP-complete to decide whether a given graph G has a stable set S
such that G — S is a trivially perfect graph.

In the following theorems, m and 7 denote the number of edges of the given graph
G and (of its complement) G, respectively.

Theorem 4. There is an O((n+m)*) time algorithm to decide whether a given graph
has a stable set S such that G — S is the complement of a bipartite graph.

Theorem 5. There is an O((n+m)?*) time algorithm to decide whether a given graph
has a stable set S such that G — S is a split graph.

Theorem 6. There is a polynomial time algorithm to decide whether a given graph
G has a stable set S such that G — S is a threshold graph.

The time bound in Theorem 6 is roughly ((n?), and we do not try to improve this
time bound in this paper.

A graph G is called perfect if, for each of its induced subgraphs H, H is w(H)-
colorable, where w(H ) denotes the largest number of pairwise adjacent vertices in H.
Grotschel et al. [8, 9] showed that GRAPH k-COLORABILITY can be solved in polynomial
time when considering perfect graphs. Since bipartite graphs are perfect, Theorem 2
means that the question “Does G have a stable set S such that G—S§ is a tree?” remains
NP-complete for perfect graphs.

Many other related results and problems have been discussed in the literature and
can be represented Table I:

Problem 1 (Stasie-n). Given a graph G, does G have a stable set S such that G — S
has the graph property =?
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Table 1

Complexity status of STABLE-n for some property 7

Property n In general On perfect graphs
Bipartite NP-c [5--7] P [8, 9]
Co-bipartite P [1], [this paper] P

Forest NP-c [7] ?

Maximum degree <1

Tree
Split
Trivially perfect

NP-c {15, p. 170]
NP-c [this paper]
P{1], [this paper]
NP-c [this paper]

b
NP-c [this paper]
P

9

Threshold P [this paper] P [this paper]
K3-free NP-c [4] P [8, 9]
Py-free NP-c [11] NP-¢ [11]
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The complexity status of StaBLE-n for some property 7 is summarized in Table 1.
There, “?” means that the corresponding problem seems to be open.

In the next two sections, given a graph G and a graph property 7z, we call a stable
set S of G good if § can be extended to a stable set S’ such that G—S’ has the property
n. If § is a good stable set, we shall identify S with a possible extension S’ of S.

2. Proof of Theorem 2
Schaefer proved in [18] that the following problem is NP-complete.

Problem 2 (1-IN-3 3SAT). Given a collection ¥ of m clauses over the set V of n
Boolean variables such that each clause has exactly three literals, is there a truth
assignment satistying % such that each clause in € has exactly one true literal?

By considering complementation, the following problem is also NP-complete.
Problem 3 (2-IN-3 3SAT). Given a collection 4 of m clauses over the set V of n
Boolean variables such that each clause has exactly three literals, is there a truth

assignment satisfying % such that each clause in ¢ has exactly two true literals?

We shall reduce 2-IN-3 3SAT to our problem (which is clearly in NP).

Let ¢ ={Ci,...,Cn} be a collection of m clauses with variable set V ={v},...,v,}
such that every clause of % contains exactly three literals, Ci:{c(l’),c(z'),cg')},
i—=1,...,m, where each literal cj(’) is either v, or vy for some suitable k.

In the following we construct a graph G := G(%) such that € € 2-IN-3 3SAT if and
only if the graph G has a good stable set.
For a better understanding we first prove the NP-completeness for bipartite graphs.



62 A. Brandstadt et al. | Discrete Applied Mathematics 89 (1998) 59-73
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Glvi] G[Cjy]

Fig. 2. Bipartition of the vertices of G.

Lemma 1. The problem StaBLE TREE is NP-complete for bipartite graphs.

Proof. For every variable v; we consider the graph G[v;] shown in Fig. 1 (left). For
each j€{l,...,m} let G[C;] be the graph shown in Fig. 1 (right). Finally we take a
graph R={r,r'},{rr'}).

Now, our graph G is obtained from G[v;], i=1,...,n, G[G], j=1,...,m and R by
adding the following edges:

ey (i=1,...,m, j=1,2,3),
a;r (i=1,...,n),
er (j=1,....,m).

Note that G is a bipartite graph: A bipartition of G is given by 4, B (see also
Fig. 2)
A:={a,bi,ci,d;: 1<i<n} U {ej’,j;’,g]/,cjl,cjz,cﬁ: 1<j<m}pu{r},
B:={a;,b/,c],d,v;,0: 1<i<n} U {e, f, g5,k 1<j<m}U{r'}.
Assume that G has a stable set S such that T :=V(G)\S induces a tree in G.

Claim 1. If a vertex v in G has a neighbor w with degree one then v e T. In particular
a, b, ci,di, e, f, g, reT (i=1,...,n, j=1,...,m).
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Proof. If v S then w would be an isolated vertex in G(7). O
Claim 2. |{v,,5;}NS|=1 for all ie{],....n}.
Proof. If v;, 7; € T the vertices a;, b;, 7;, ¢;, v;, d; would induce a cycle in G(T). If v;,
7, €8 then there exists no path in G(T) from ¢ to a, ie. G(T) is not
connected. [
Claim 3. HC},‘],C»]'Q,CJ'?,} ﬂSl =1 for all jE {1,,m}
Proof. Since ¢;, f;, g; € T not all vertices in {c;,cj2,¢;3} can be in T since otherwise
G(T) contains a cycle. Suppose that two vertices in {c;1,c;2,¢;3} are in S, If ¢y,
cj2 € § then fy; is isolated in G(T). If ¢;1, ¢;3 € S then G(T') contains no path connecting
g; and r. The case c;,, ¢;3 €S is handled similarly. O
Claim 4. For every i€ {1,...,n} the graph Glv;] — S is a tree.
Proof. This follows from Claims 1 and 2. (]
Claim 5. For every jc{l,...,m} the graph G[C;] - S is a tree.
Proof. This follows from Claims 1 and 3. [

Claim 6. For all i€ {1,....m}, j€{1,2,3} ¢ €S c; €T holds.

Proof. The direction “=" is clear. The other direction immediately follows from
Claims 4 and 5 since a;, ¢, r €T, a;r, er € E(G) and G(T) contains no cycle. O

Now consider the following truth assignment

l, ;eS8
b 3} e Ll i )
(@) { 0, neT

By Claims 3 and 6 in each clause exactly two literals are fulfilled by b.

Let b be a truth assignment for € such that in each clause exactly two literals are
Sulfilled.
We build S as follows:
(S1) If b(v;)=1 put v; in S, otherwise put 7; in S.
(S2) If b(c{"")=0 put c;; in S.
(S3) 1f b(c\”)=b(c}’)=1 put & in S.

Claim 7. S is a stable set.
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Proof. Since ¢;; €S<:>b(c}i)):0®c;i)€T the steps (S1) and (S2) do not destroy
the stability. If b(c\”))=b(cS”)=1 then ¢;1, ¢;2 ¢ S by (S2). Therefore &; has no
neighbors in §. [

Claim 8. G[v;]— S is a tree (i=1,...,n).
Proof. Follows directly from the construction of §. O
Claim 9. G[G]—-S is a tree (j=1,...,m).

Proof. Since in each clause exactly two literals are fulfilled there are only three pos-
sibilities for G[C] - §:

Note that by construction we have
€S & ;¢S (i=l...,m j=12,3).

This together with Claims 8 and 9 show that G — § is a tree. [

Proof of Theorem 2. We describe how one can change the construction in the proof
of Lemma 1 such that G has maximum degree at most four. The only vertices which
can have degree greater than four are v;, 7; and r. Instead of G[v;] we now take G'[v;]
as shown in Fig. 3.

We build G’ from G'[v;], i=1,....n, G[C], j=1,...,m and R by adding the fol-
lowing edges:

i o (k , .
vj(-)cjk 1fc} ):vi (i=1,....n, j=1,....m, k=1,2,3),

U}i)cjk ifcj('k):l]_i (i=1,...,n, j=1,...,m, k=1,2,3),
air, ,ijr (i=1,....n, j=1,...,m),
gr (j=1,...,m),
)
Z}’)r (l-zl’”_’n, j:2”m)

Then € € 2-IN-3 3SAT holds if and only if G’ has a good stable set. The proof is
similar to the proof of Lemma 1, we only need the following additional claims:
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Fig. 3. The graph G'[z].
For the “if” part we need the following claims.
Claim 10. For every i€ {1,...,n} the vertices of {u}’),w(’):

wjm: Jj=1,...,m} all belong to S or T.
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Proof. W.l.o.g. let v( ‘es. By Claim 2 v ET Since yl , (‘) €T and G'(T) is cycle-
(i}

eT, w(” € S. Then v(') € T. Assume that v ) is also in T. Since x(” eT

not both w’, wg) can be in S. W.log. let wi” € T. Then ryy w o w\”»\"r induces

a cycle in G'(T), contradiction. The claim now follows by induction. [

free we get w,

Claim 11. For every i€ {1,...,n} the vertices of G'[v;] which are in T and r induce
a tree in G

Proof. Let

Ly:={a,a],bi,blcic v(l'),v,')}

) LD (z)’ )
sz {W]( wwk b /( !x]( sy]( ’yk }7 k:ls"'yma

" "
Loy = {0\, v(kl),z,(k'), ,(:),z,(:) 2, k=2,...,m.

Then Li,...,Ly, is a partition of the vertices of G’[v;]. By Claim 10 and since

€S4=>U(') T for every k, {€{l,...,2m}, k # [, there is no path from a ver-
tex in L; NT to a vertex in L; N 7. Furthermore for every £ € {1,...,2m} the vertices
in Ly N T induce a tree which settles the proof of this claim. [J

Proof of Theorem 2 (Conclusion). For the “only if”" part we must only change (S1) to
(SU') If b(vi)=1 put v}", }” (j=1l....,m) in S, otherwise put o{", wi"’ (j=1,...,m).
G’ is bipartite, a b1part1'tion is given by

. (i —n o/ ) ) 12 .
A= {a;ybi’cia d,‘, e_;a j;’fsgjacjlscjzscjb w‘,‘l):"v}‘)aégl 5_)7}‘ /(I » 1(1) l>~
j=1,...,mpu{r},
; 1"
B:={ay,b,c/.d,e, f;.9; h u’} ) )y;’),zj') ’“_5‘” vi=1,....n,
j=1....mu{r'}

Now, r is the only vertex in G’ with degree greater than four. Let u,...,u; be the
neighbors of » which are different from »/. We substitute R by R’ shown in Fig. 4 and
add w;r;, i=1,...,1, as new edges.

It is not hard to prove that the resulting graph is bipartite with maximum degree
four and that the reduction will also work with this graph. This completes the proof
of Theorem 2. [

LLn,

T $1 T2 82 T3 Sp—1 Te

RI

Fig. 4. The graph R'.
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Remark. Clearly, StaBLE TREE can be solved for (bipartite) graphs with maximum
degree at most 2. The complexity of StaBLE TREE for bipartite graphs with maximum
degree at most three seems to be an open problem.

3. Proof of Theorem 3

The problem is clearly in NP. To prove the NP-completeness, we shall reduce
1-IN-3 3SAT to our problem. Let € = {C,C,,...,C,} be any set of clauses C; = (¢ Vv
cj2 V¢j3) given as input for 1-IN-3 3SAT, where the literals ¢y (1<j<m, 1<k<3)
are taken from the set of variables . We shall construct a graph G which has a good
stable set if and only if % is satisfiable. For each variable v €V let G(v,7) be the
graph shown in Fig. 5. It is easy to see that

G(v,7) has a good stable set. Every good stable set must contain exactly one of

the labelled vertices v, ©.

For each clause C; =(c;1 Vcpp Vej3) let G(C;) be the graph shown in Fig. 5. It is easy
to see that

G(C;) has a good stable set. Every good stable set must contain exactly one of

the labelled vertices c;i, ¢z, ¢j3.

Let G be the graph consisting of all graphs G(v,7) and all G(C;), and edges xy
between G(v,7) and G(C)) if and only if x € {v,7} is the literal y € {¢;1,c;2,¢j3}

Now, assume that there is a truth assigment for €. For each v, let S(v,7) be a good
stable set in G(v,7) containing the false literal in {v,7}. For each j, let S; be a good
stable set in G(C;) containing the true literal in {c;;,cj2,c;3}. Set

s'=Jswn, §"=Js, s=sus"
vel j=1

Since there are no edges in G between the graphs G(v,7) and no edges between the
graphs G(C}), the sets S’ and S” are good stable sets in { J ., G(v,7), respectively, in
U;.":l G(C;). By construction of G and the definition of S” and S”, if xy is an edge
of G with x € {v,7} and y€ {c;i,cpn,c;3}, then exactly one of x and y belongs to
S"UUS”. Thus, S is a stable set of G. Moreover, G — S consists of | J,., G(v.7) — &’
and |J7, G(C;) — §”, hence S is a good stable set of G.

Fig. 5. Proof of Theorem 3, the graphs G(v.f) (left) and G(C;) (right).
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Conversely, suppose S is a good stable set of G. Then for each v €V, exactly one
of the labelled vertices v, 7 in G belongs to S. So the following assignment for €

v=1 if and only if 0v¢§

is well-defined. Furthermore, for each j, S contains exactly one of the labelled vertices
¢j1, ¢j2, ¢j3 in G(C;), say y. The corresponding literal x € {v,7} of y in G(v,7) then
cannot belong to §. So C; has exactly one true literal. [

Remark. The same construction and arguments show that STABLE-“P4-FREE” 1S
NP-complete. Our graph G here, however, is not perfect (it contains chordless
cycles of odd length at least five). In [11], a more complicated construction is discussed
showing that STABLE-“P4-FREE” is NP-complete for comparability graphs.

4. Proof of Theorems 4 and 5

Note that the graph G has a stable set § such that G—S is partitionable into two
cliques if and only if G has a stable set S’ such that G—S’ is partitionable into a
stable set and a clique. Thus Theorem 4 is implied by Theorem 5 by considering
complementation. So we only need to prove Theorem 5.

A (k,I)-graph 1s one whose vertex set can be partitioned into £ stable sets and
[ cligues. Considering GRAPH 3-COLORABILITY, it is easy to see that deciding whether
a graph is a (k,/)-graph is NP-complete for £ >3 or /=3. Now Theorem 5 can be
restated as follows: There is a polynomial-time algorithm to decide whether a graph
is a (2,1)-graph. Such an algorithm was given in [1]. (The algorithm given in [2],
however, is not correct; the necessity stated in [2, Proposition 1] does not hold.) We
shall give here a more simple and more efficient algorithm than that in [1].

For convenience we denote by (k,I) the class of all (k, /)-graphs. For the ver-
tex v, N(v) (respectively, N(v)) denotes the neighborhood (respectively, the non-
neighborhood) of v. The basic principle of our approach for (2,1) recognition is a
vertex classification according to the following two neighborhood conditions
(N1) N(v)e(1,1);

(N2) N(v)€(2,0).

Evidently, if a graph G=(V,E) has a (2,1)-partition S;,S;,C with stable sets Si,5;
and clique C then for all vertices v € C condition (N2) is satisfied and for all vertices
v €S US, condition (N1) is satisfied. An immediate consequence is that if G has a
vertex v€ ¥ with N(v)¢ (1,1) and N(v) ¢ (2,0) then G ¢ (2,1) holds.

Assume now that every vertex v €V satisfies at least one of the conditions (N1),
(N2), and let G have a (2,1)-partition S,,5;,C. If N(v) ¢ (1,1) then necessarily v
belongs to the clique C. If N(v) € (2,0) then necessarily v belongs to the bipartite part
S1US; of the (2,1)-partition.

Thus vertices satisfying exactly one of the conditions (N1), (N2) are assigned to their
part of the (2,1)-partition (if there is such a partition). This means that the decision
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of “G €(2,1)?” can be started by first assigning
CF:={v: N(v)¢ (1,1) and N(v) €(2,0)},
BF :={v: N(v)€(1,1) and N(v) ¢ (2,0)}.

If CF is no clique or B is not bipartite then evidently the correct answer is
“G ¢(2,1)". Otherwise continue by considering the vertices satisfying both conditions
(N1), (N2). Let

R:={v: N(v)€(1,1) and N(v)€(2,0)}.

If R=0 then B” and C* describe a (2,1)-partition of G. Otherwise there is a vertex
x €R, and thus G has a (3,1)-partition defined by a (1,1)-partition ST, C* of N[x] and
a (2,0)-partition S3,87 of N(x). Subsequently we study whether this (3,1)-partition
can be modified to a (2,1)-partition of G. This is done for the case w(R)=3 by the
following procedure.

Procedure Mobiry(x)

(P1) if STUS3US] is bipartite then G € (2,1). STOP

(P2) else for all ve ST check whether V\ ({v} U(C* N N(v))) is bipartite;
(P3) if there is such a vertex v then G € (2,1). STOP

Lemma 2. If {a,b,c} is a triangle in R then G €(2,1) if and only if for at least one
vertex x € {a,b,c} Procedure Moviry(x) leads to a (2,1)-partition of G.

Proof. We only have to show that if G € (2,1) then the procedure successfully ends.
Assume that S),5,,C is a (2,1)-partition of G, and w.lo.g. let C be a maximal
clique. Then at least one of the vertices of a triangle a,b,c in R is in C, say a€ C.
This implies that C C N[a]. Let Sf,C* be a (1,1)-partition of N[a] and let S3,S5 be
a (2,0)-partition of N(a). Since C CN[a] and |[C N SF|<1 and C is maximal we have
either C=C, or C={v}U(C* N N(v)) for some veS{. All these cases are checked
by the procedure. [

Algorithm 1

Input: A graph G.

Output: A decision of “G € (2,1)?”.

(1) for all ve V check whether N(v) € (1,1) and check whether N(v) € (2.0);
(2) if there is a vertex vEV with N(v)¢ (1,1) and N(v) ¢ (2,0) then

(3) G¢(2.1). STOP

else
4 Cr:={v: N(v)¢(1,1) and N(v) €(2,0)};
(5) B :={v: N(v)€(1,1) and N(v) ¢ (2,0)};

(6) if C7 is no clique or B is not bipartite then G ¢ (2,1). STOP
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) R:={v: N(v)e(1,1) and N(v) € (2,0)};
(8) if R=0 then Gc(2,1). STOP
else
9 if ®(R)=3 then choose a K3 {a,b,c} CR and for all x € {a,b,c} do
(10) Mobrry(x),
(11) if for all x € {a,b,c} MopiFy(x) unsuccessfully ends then

G¢@2,1). STOP
else G (2,1). STOP

else
(12) check for all cliques CR C R, 0<|CR| <2 whether
(13) C:=CFUCR is a clique and B:= B U(R\ CR) is bipartite;
(14) if there is such a clique C then G € (2,1). STOP
(15) else G¢(2,1). STOP

Now we show that Theorem 5 holds:
Algorithm | checks in O(m*) steps whether a graph G is in (2,1).

Correctness. Up to step (10) the correctness of the algorithm is obvious. The correct-
ness of the procedure follows from Lemma 2. The correctness of steps (13)—(15) is
again obvious.

Time bound: 1t is well-known that the graphs in (1,1) and in (2,0) can be recognized
in linear time O(n + m) (for the first class see [10]). Thus, step (1) can be done in
time @(n(n + m)). Obviously, steps (2)—(8) do not require more time. Step (9) can
be done in time ((n(n + m)) since a triangle is an edge where the two end-nodes
have a common neighbor. Obviously, steps (10) and (11) can also be done in time
O(n(n + m)). In step (12), at most » + m vertices and edges have to be considered.
Step (13) takes at most O(n + m) time and has to be carried out for at most n + m
vertices and edges. Altogether, the time bound of the algorithm is @((n + m)?*). O

It is perhaps surprising that the case w(R)<2 is the most time-consuming part of
the algorithm. It could be done faster if there is an algorithm checking for a given
graph G in less than (((n + m)?) steps whether G has an edge e such that G — e is
bipartite.

The equivalence G € (1,2) if and only if G (2,1) implies Theorem 4: It can be
recognized in (¢/((n + 7)*) steps whether a graph G is in (1,2).

Remark. It is easy to see that a similar approach leads to a polynomial-time algorithm
for (2,2) recognition using brute force in the case that there is a vertex v€ V' with
N(@)€(1,2) and N(v) € (2,1). In this case G has a (3,3)-partition and there is only a
polynomial number of possible modifications of the (3,3)-partition to a (2,2)-partition.
The details are described in [1].
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5. Proof of Theorem 6

Recall that threshold graphs are split graphs. Thus, if G ¢(2,1) then G has no par-
tition into a stable set § and a threshold graph G — S. Assume now that G € (2,1).
The fact that the intersection of a clique and a stable set contains at most one ver-
tex implies that there are at most (/(n*) different partitions of G into a clique C and
a bipartite graph B=G(V \ C). According to Algorithm 1 and Theorem 5, all these
partitions can be found in polynomial time. We consider now an arbitrary partition
of this type: Let C be a clique of G such that B=G(V \ C) is bipartite. We have to
check whether B has a bipartition R,S such that CUR or CUS is a threshold graph.
Now, let Z,,...,Z; be the connected components of B. Note that every connected
component Z;, i€{l,...,k} of B has a unique bipartition R;,S;. Let Uj,...,U; be
a choice such that U;€{R;,S;}, i€{l,....k}, and let U; denote the other part in
{R;,S:}, e. {U, U} ={R;,S:}. It is easy to see that for every such choice U, U - U U
and U, U --- UU; define a bipartition of B, and every bipartition R,S of B has the
property that R=U,U---UU; and S=U;U---UU, for a suitable choice
Uy,...,Ux.

Recall that a graph is a threshold graph if and only if it is (Ps, Cy4,2K;)-free, and
a graph is a split graph if and only if it is (Cs, C4,2K5)-free (see [3]). Thus, every
split graph is in particular (Cy,2K5)-free. This implies that in order to check whether
CUR or CUS induces a threshold graph for a clique C and stable sets R,S we have
to check whether CUR or CUS induces a P4-free graph.

For vertices ve ¥\ C, let Nc(v) denote the set of vertices of C adjacent to v.
Vertices u,v < V' \ C are called C-incomparable if Nc(u) and Nc(v) are incomparable
w.r.t. set inclusion C. We call sets U;,U;, i,j€{l.....k}, i # j, C-incomparable if
there are C-incomparable vertices u € U; and ve U;. Note that C-incomparability of
vertices and of sets U, U, i,je {1,...,k}, can be checked in polynomial time. The
proof of the following claim is straightforward:

Claim 12. For a bipartition R,S of B with R=U U --- UUy and a clique C, C UR
is no threshold graph if and only if there is an index i€ {1,...,k} such that CUU;
is no threshold graph or there are i,j€ {1,....k}, i # j, such that U; and U; are
C-incomparable.

We define now an instance F of the 2-Satisfiability Problem (2SAT) corresponding
to B with bipartition {R;,S;} of connected components Z;, i€ {1,...,k}: Let x,...,x;
be Boolean variables and F be the following conjunction consisting of one-literal
and two-literal clauses. Hereby, for U; € {R;,S;} let /(U;) be the literal which is x; if
U;=R; and —x; if U;=3S,.

(1) For every U; € {R;,S;} such that CUU; is no threshold graph let —=/(U;) be the
corresponding clause.

(2) For all C-incomparable U;, U; with U; € {R;, S}, U; € {R;,S;} let ~(I{(U)AI(U;))
be the corresponding clause.
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Claim 13. Fj is satisfiable if and only if there is a bipartition R,S of B such that
CUR is a threshold graph.

Proof of Claim 13. First assume that Fj is satisfied by a truth assignment 5. Then
define R as the union of all sets U, i€ {l,...,k}, for which b({(U;))=1. If in
a clause with 2 literals both are satisfied, then take one of them. It is easy to see
that this represents a choice of sets U; € {R;,S;} such that CUR induces a threshold
graph.

Conversely, if there is a bipartition R, S of B such that C UR is a threshold graph then
let &(x;)=1 if and only if R; CR. Obviously, b defines a satisfying truth assignment
of Fg. Thus the claim is proved. [

Summarizing, for every partition of G into a clique C and a bipartite B one has to
consider the corresponding 2SAT problem which can be solved in linear time depending
on the length of the input formula. If one of the instances Fp for bipartition B is
satisfiable then G contains a stable set S such that G—S is a threshold graph, otherwise
not. The time bound ((n®) can be seen as follows: For a fixed (2,1)-partition of G,
one has to check the incomparabilities and to express them in an instance of 2SAT
which then has to be checked for satisfiability. All this can be done in time O(n*).
Since there are at most ((n*) different (2,1)-partitions of G which altogether can be
found in time ¢(n*) the total time bound is O(n®). O
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