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Abstract

Modular decomposition of graphs is a powerful tool for designing efficient algorithms for problems on graphs s
Maximum Weight Stable Set (MWS) and Maximum Weight Clique. Using this tool we obtain O(n · m) time algorithms for
MWS on chair- and xbull-free graphs which considerably extend an earlier result on bull- and chair-free graphs by De
and Sassano (thechair is the graph with verticesa, b, c, d, e and edgesab, bc, cd, be, and thexbull is the graph with vertices
a, b, c, d, e, f and edgesab, bc, cd, de, bf, cf ). Moreover, our algorithm is robust in the sense that we do not have to che
advance whether the input graphs are indeed chair- and xbull-free.
 2003 Elsevier B.V. All rights reserved.
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A vertex set in a graph isstable if its elements are
pairwise nonadjacent. TheMaximum (Weight) Stable
Set (MS, respectively, MWS for short) Problem as
for a maximum (vertex weight) stable set in t
given graph. The M(W)S problem is a basic probl
occurring in many models in Computer Science a
Operations Research. It remains NP-complete eve
triangle-free graphs [23], for planar graphs of deg
three [14] and for(K1,4,K4 − e)-free graphs [7],
whereas it is solvable in polynomial time for claw
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the investigation of a variety of graph classes defi
by forbidding some small subgraphs. For examp
in [19], as an application of the so-called con
reduction, Lozin gives an O(n4) time solution for the
MS problem assuming that a butterfly-, chair-, co-
and gem-free input graph is given. Here the butte
is the graph consisting of five verticesa, b, c, d, e
with edgesab, ac, bc, cd, ce, de. See Fig. 1 for the
chair, co-P and gem. In [28], Lozin’s result has be
improved to a polynomial time solution (which seem
to be O(n2m)) for the MWS problem assuming th
a chair-, co-P-, and gem-free input graph is given
[6], it is shown that the class of chair-, co-P-, and ge
free graphs has bounded clique-width, and MWS

.
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Fig. 1. All one-vertex extensions of aP4.

Fig. 2. Minimal prime extensions of a co-gem.

many other problems have linear-time solutions on this itself. Moreover, we extend a result by De Simone a

class.
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Sassano [13] on bull- and chair-free graphs.
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Recently, based on Minty’s algorithm for claw
free graphs [21], Alekseev [1] gave a polynom
time algorithm for the MWS problem on chair-fre
graphs (Minty’s algorithm is included as a procedu
in Alekseev’s algorithm and leads to the time bounn
times the complexity of the MWS problem for claw
free graphs).

We will show the following result: The structur
of prime (chair, xbull)-free graphs containing a c
gem is extremely simple leading to a O(m · n) time
algorithm for the MWS problem on this graph cla
since for co-gem-free graphs, the MWS problem c
be solved in a straightforward way. The xbull (s
Fig. 2) contains theP5, bull and co-P as induced
subgraphs; thus, our result implies such an algori
for the classes of (chair, co-P)-free graphs, (ch
P5)-free graphs and (chair, bull)-free graphs as w
Comparing with the above mentioned results of [1,
28], our algorithm is much simpler, much faster a
robust. In particular, Alekseev’s MWS algorithm f
chair-free graphs does not work for any input gra
G containing a chair. Our algorithm, however, m
computeαw(G) correctly also for some input graph
containing a chair; the smallest example is the ch
Following Spinrad [25], arobust algorithm A for a
graph classC and an algorithmic problem� works as
follows: Given the input graphG,

• if G ∈ C thenA solves the problem� correctly,
• if G /∈ C thenA either solves� correctly or gives

a proof thatG /∈ C.

Thus, a robust algorithm delivers a correct answe
any case and solves the problem for every graphC
without the need of recognizingC. This is of crucial
importance whenever the recognition time bound
C is worse than solving the algorithmic problem on t
graph class; in extreme cases, the recognition prob
can be NP-complete while the algorithmic proble
can have a linear time solution.

2. Terminology

Throughout this paper, letG = (V ,E) be a fi-
nite undirected graph without self-loops and multip
edges and let|V | = n, n � 3, |E| = m. G is called
co-connected if its complementG is connected.
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The edges between two disjoint vertex setsX,Y

form a join (co-join) if for all pairs x ∈ X, y ∈ Y ,
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+αw(G2). This immediately leads to polynomial time
solutions for the MWS problem using the modular
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xy ∈ E (xy /∈ E) holds. LetX©1 Y (X©0 Y ) denote
the corresponding join (co-join) operation betweenX

andY .
A vertex z ∈ V distinguishes verticesx, y ∈ V if

zx ∈ E andzy /∈ E. A vertex setM ⊆ V is a module
if no vertex fromV \ M distinguishes two vertice
from M, i.e., every vertexv ∈ V \ M has either a
join or a co-join toM. A module is trivial if it is
either the empty set, a one-vertex set or the en
vertex setV . A graph is prime if it contains only
trivial modules. The notion of modules plays a cruc
role in themodular (or substitution) decomposition of
graphs (and other discrete structures) which is of b
importance for the design of efficient algorithms
see, e.g., [22] for modular decomposition of discr
structures and its algorithmic use.

A nontrivial moduleM, also calledhomogeneous
set, is maximal if no other nontrivial module properl
containsM. It is well known that in a connected an
co-connected graphG, the maximal nontrivial mod
ules are pairwise disjoint which means that every v
tex is contained in at most one maximal nontriv
module. The existence and uniqueness of themodu-
lar decomposition tree is based on this property, an
recently linear time algorithms were designed to
termine this tree—see [20,11,12]. The tree conta
the vertices of the graph as its leaves, and the in
nal nodes are of three types: they represent a joi
co-join operation, or a prime subgraph.

As already mentioned, a vertex setU ⊆ V is stable
(sometimes calledindependent) in G if the vertices
in U are pairwise nonadjacent. A vertex setU ⊆ V

is a clique in G if U is a stable set inG. For a ver-
tex weight function w onV , let αw(G) denote the
maximum weight sum of a stable set inG and let
ωw(G) := αw(G) denote the maximum weight of
clique in G. If w(v) = 1 for all verticesv then we
omit the index w. Note that for all classes on whi
the MWS problem can be efficiently solved, the Ma
imum Weight Clique (MWC) Problem can be ef
ciently solved on the complement class.

It is well known that the MWS problem is solv
able in polynomial time for a graph class whe
ever it is solvable in polynomial time for the prim
graphs belonging to this class sinceαw(G1 ©1 G2) =
max(αw(G1), αw(G2)), andαw(G1 ©0 G2)= αw(G1)
decomposition tree in a bottom-up way for comp
ing αw(G). The same can be done for the MW
Problem.

For k � 1, let Pk denote an induced path wit
k vertices andk − 1 edges, and fork � 3, let Ck

denote an induced cycle withk vertices andk edges.
Clearly, the MWS and the MWC problems can
solved in linear time on paths and cycles. Anot
class of graphs we will use later consists of the
called spiders. A graphG is a thin spider if G is
partitionable into a cliqueC and a stable setS with
|C| = |S| or |C| = |S|+ 1 such that the edges betwe
C andS form a matching and at most one vertex inC
is not covered by the matching (the unmatched ve
is called thehead of the spider).G is a thick spider
if it is the complement of a thin spider. Aspider is
a thin spider or a thick spider. Spiders, as they
called in [17], have been introduced in [15] under
nameturtles (see also [16]) in the context ofP4-sparse
graphs. It is known (and easy to see) that recogniz
spiders and solving the MWS as well as the MW
problem on spiders can be done in linear time; see
[17,18]. LetF denote a set of graphs. A graphG isF -
free if none of its induced subgraphs is isomorphic
a graph inF .

For a vertexv of the graphG = (V ,E), letN(v) :=
{u ∈ V | uv ∈E} denote theneighborhood of v and let
N(v) = V \ (N(v) ∪ v). ForU ⊆ V let G[U ] denote
the subgraph ofG induced byU .

3. The Co-Gem Lemma

Note that for every graphG= (V ,E),

αw(G)= max
{
w(v)+ αw

(
G[N(v)]): v ∈ V

}

holds. Thus, for co-gem-free graphs, the MWS pr
lem can be solved in time O(m · n) as follows: De-
termineαw(G) using the fact that for every vertexv,
G[N(v)] is P4-free, and thusαw(G[N(v)]) can be
computed in linear time [8–10] (see [5] for more i
formation onP4-free graphs).

Hence, when solving the MWS problem one c
restrict the input graphs to prime graphs contain
an induced co-gem. Lemma 1 describes all minim
prime extensions of the co-gem which is a use
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lemma when considering the MWS problem in certain
graph classes as we will see in the next section.

a
in

oof

f

tex

n

d

Now, an X4 in G can be detected as follows.
Consider a shortest path inX (recall thatX is a

a

e

r

Lemma 1 was given in [4] with a long proof using
rather complicated technique described in [27] and
[3] using a lemma from [26].

We present here a direct, short, and simple pr
that also makes the paper self-contained.

Lemma 1 (The Co-Gem Lemma).Every prime graph
containing an induced co-gem contains one of the
graphs in Fig. 2 as an induced subgraph.

Proof. Let g denote theP4 of an induced co-gem in
the prime graphG= (V ,E). Partition the vertex set o
G \ g into three sets:

A = {x ∈ V \ g | x©1 g},
B = {x ∈ V \ g | x©0 g},
C = V \ (g ∪A∪ B).
Note thatB �= ∅ because it contains the isolated ver
of the co-gem, andC �= ∅ because otherwiseg would
be a homogeneous set inG.

Suppose there is at least one edge betweeB
and C, say betweenb ∈ B and c ∈ C. All possible
combinations of edges betweenc andg lead to one
of the graphsP6, X1, xbull, X2, X3, X4, A, net from
Fig. 2. So we may assume that

B©0 C
for otherwise we are done. SinceB �= ∅ and G is
connected, there is a vertexb in B that is adjacent to a
vertexa in A. Let c ∈ C such thatca /∈E. All possible
combinations of edges betweenc andg contain one
of the graphsX3, X4, X5 from Fig. 2 as an induce
subgraph. So partition setA into two subsets

A0 = {x ∈A | x©0 B} and

A1 = {x ∈A | ∃b ∈ B: xb ∈E}
and we may assume

A1 ©1 C
for otherwise we are done. Note that for everyc ∈ C
there existnon-adjacent verticesxc, yc ∈ g such thatc
is adjacent toxc and non-adjacent toyc. In particular,
there exists a connected componentX of G[A∪C ∪g]
containingC ∪ g. ThenX ∩ A1 �= ∅ for otherwiseX
would be a homogeneous set inG.
connected component inG) connecting a vertex in
X ∩ A1 and a vertex inC (recall thatC �= ∅). Let
a1a2 . . . akc be such a path witha1 ∈ A1 and c ∈ C.
Clearly, k � 2 and ai ∈ A0 for all i = 2, . . . , k.
Let b ∈ B be a neighbor (inG) of a1. If k � 5
then a1, . . . , a5, b induce anX4 in G. If k = 4 then
a1, a2, a3, a4, c, b induce anX4 in G. If k = 3 then
a1, a2, a3, c, yc, b induce anX4 in G. Finally, if k = 2
then a1, a2, c, xc, yc, b induce anX4 in G. The Co-
Gem Lemma is proved.✷

4. Further tools

Let H be an arbitrary induced subgraph in
graphG. We call a vertexv ∈ G − H a k-vertex of
H if v has exactlyk neighbors inH . Furthermore,
if V (H) = {v1, . . . , vh} andS ⊆ {1, . . . , h} thenMS

denotes the set of all|S|-vertices with the sam
neighborsvi , i ∈ S, in H :

MS = {
v ∈G−H : NH(v) = {vi | i ∈ S}}.

The setM∅ of 0-vertices is also denoted byM0. We
first prove the following:

Lemma 2. If G is a prime (chair, xbull)-free graph
containing an induced net then G is a thin spider.

Proof. Let H be an induced net inG. AsG is (chair,
xbull)-free, one can easily check that:

(1) H has no 1-vertex and no 5-vertex.
(2) The two neighbors inH of any 2-vertex ofH form

a pendant edge ofH .
(3) The three neighbors inH of any 3-vertex ofH

form the triangle ofH or aK1 ∪K2 where theK2
belongs to the triangle.

(4) Three of the four neighbors inH of any 4-vertex
of H form the triangle ofH .

Now, consider a netN of G, say with vertices
v1, . . . , v6 and edgesv1v2, v2v3, v3v4, v2v5, v3v5
andv5v6. We also writeM123 as an abbreviation fo
M{1,2,3} and so on.

Claim 1. N has no 2-vertex.
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Proof. By (2), it remains to show thatM12 ∪ M34 ∪
M56 = ∅. By symmetry, we only showM12 = ∅.

a
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Proof. If x ∈ M235 is non-adjacent toy ∈ M123456
thenx, v1, v4, v5 andy induce a chair, a contradiction.

re-

r-
in
-
a

-
t,
AssumeM12 �= ∅ and letM = M12 ∪ {v1}. Since
M is not a homogeneous set, there is a vertexx /∈ M

adjacent to a vertexy ∈ M and non-adjacent to
vertexz ∈ M. Without loss of generality, lety = v1.
Then, by (1)–(4),

x ∈M135∪M1235∪M123456.

Now, if x ∈M1235∪M135 thenz, v1, x, v3, v4 andv5
induce an xbull—contradiction. Ifx ∈M123456thenx
is a 5-vertex of the netH induced byN−v1+z, which
contradicts (1). Claim 1 is proved.

Actually, Claim 1 shows that for any induced netH

in G,

(5) H has no 2-vertex.

Continuing with the netN , we prove:

Claim 2. M135 ∪ M1235= ∅, M245 ∪ M2345= ∅, and
M236∪M2356= ∅.

Proof. By symmetry we only show the first par
Let M = M135 ∪ M1235∪ {v2}. Assume thatM135 ∪
M1235 �= ∅, and therefore|M| � 2. SinceM is not
a homogeneous set, there exists a vertexx /∈ M

adjacent to a vertexy ∈M and non-adjacent to anoth
vertex z ∈ M. Without loss of generality, lety = v2
(otherwise, consider the netN ′ induced byN − v2 +y

instead ofN ), and letH be the net induced byN −
v2 + z. By (1) and (5),x is a 3-, a 4- or a 6-verte
of N . Now,x cannot be a 3- or a 6-vertex ofN because
x would be a 2- or a 5-vertex ofH , contradicting (5)
or (1), respectively. Thus, assume thatx is a 4-vertex
of N . Then, by (4) and sincex /∈M,

x ∈M2356∪M2354

but thenx is a 3-vertex ofH that contradicts (3). We
have shown thatM = ∅ and Claim 2 is proved.

In particular, Claim 2 implies that

(6) N has no 4-vertex, and every 3-vertex ofN
belongs toM235.

Claim 3. M235©1 M123456.
Claim 4. N has no 6-vertex: M123456= ∅.

Proof. AssumeM123456 �= ∅. Then M0 �= ∅ other-
wise, by Claim 3,V (G)−M123456would be a homo-
geneous set. Let

M1
0 := {v ∈M0 | v has a neighbor inM235}

and

M2
0 :=M0 −M1

0 .

Then M1
0 �= ∅, otherwise, by Claim 3,V (G) −

(M123456∪ M2
0) would be a homogeneous set. Mo

over,

M1
0 ©1 M123456

otherwise, by Claim 3, two non-adjacent verticesx ∈
M1

0 andy ∈ M123456together with a neighbor ofx in
M235 andv1, v4 would induce a chair. Furthermore,

M1
0 ©0 M2

0

otherwise, ifx ∈ M1
0 is adjacent toy ∈ M2

0, thenx, y
and a neighbor ofx in M235, v1, v2 and v3 would
induce an xbull. Thus,V (G) − (M123456∪ M2

0) is a
homogeneous set, a contradiction.

Claim 5. M235 is a clique.

Proof. Assume thatx andy are two non-adjacent ve
tices inM235. Let M be the connected component
G[M235] containingx, y. As V (M) is not a homoge
neous set andV (M) is co-connected, there exists
vertex z /∈ M adjacent to a vertexx ′ ∈ M and non-
adjacent to another vertexy ′ ∈ M such thatx ′ andy ′
are non-adjacent. By definition ofM, z /∈ M235. By
(1), (5), (6) and Claim 4,z must be a 0-vertex ofN but
thenz, x ′, y ′, v2, v1 induce a chair, a contradiction.

Claim 6. M0 is a stable set.

Proof. If not, let M be a nontrivial connected com
ponent ofG[M0]. SinceM is not a homogeneous se
there exists a vertexz /∈M adjacent to a vertexx ∈M

and non-adjacent to a vertexy ∈ M such thatx and
y are adjacent. By definition ofM, z /∈ M0, hence
z ∈ M235 but theny, x, z, v1, v2, v3 induce an xbull.
Claim 6 is proved.
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Claim 7. Every vertex in M235 has at most one
neighbor in M0.

e

.

i < j − 1. Denote byC[1, i] (C[i, j ], C[j,1], respec-
tively) the subpath ofC betweenv1 andvi (between
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Proof. If a vertex inM235 has two neighbors inM0,
then by Claim 6, there is a chair.

Claim 8. Every vertex in M0 has exactly one neighbor
in M235.

Proof. If x ∈ M0 has no neighbor (inM235), then by
Claim 6, V (G) − x is a homogeneous set. Ifx has
two neighbors then, by Claims 5, 6 and 7,N(x) is a
homogeneous set. Claim 8 follows.

Let C := M235 ∪ {v2, v3, v5}, and S := M0 ∪
{v1, v4, v6}. By Claim 5,C is a clique, and by Claim
6, S is a stable set.

Claim 9. |C| = |S| or |C| = |S| + 1.

Proof. By Claims 7 and 8,|C| � |S|. If |C| � |S| + 2
then {x ∈ C | x has no neighbor inS} would be a
homogeneous set ofG.

Now, (1), (5), (6) and Claims 4–9 show thatG is a
thin spider, completing the proof of Lemma 2.✷
Lemma 3. If G is a prime (chair, xbull)-free graph
containing an induced P6 then G is an induced path
Pk , k � 6, or an induced cycle Ck , k � 7.

Proof. We distinguish between two cases.
Case 1. G contains an induced cycleC = Ck for

somek � 7. In this case we will see thatG is the cycle
C. First, sinceG is (chair, xbull)-free, it is easy to se
that

(7) C has no 1-vertex, no 2-vertex and no 4-vertex

Next we prove:

Claim 1. If a vertex v /∈ C is adjacent to three pairwise
nonadjacent vertices in C, then v is adjacent to all
vertices in C.

Proof. Enumerate the vertices ofC asv1, v2, . . . , vk
such thatv is adjacent tov1, vi , vj for some 2<
vi andvj , betweenvj andv1, respectively) such tha
vj /∈ C[1, i] (v1 /∈ C[i, j ], vi /∈ C[j,1], respectively).
As k � 7, at least one of these paths has at least
vertices, sayC[j,1].

Now, v must be adjacent to all vertices inC[j,1]:
If not, let * with j < *� k, be the smallest index suc
that v is nonadjacent tov*. Thenv*, v1, v, vi , vj (if
*= k) or v*, v*−1, v, v1, vi (if * < k) induce a chair.

Next,v must be adjacent to all vertices inC[i, j ]: If
not, let*, i < * < j , be the smallest index such thatv

is nonadjacent tov*. Thenv*, v*−1, v, v1, vj+1 induce
a chair.

Similarly, v must be adjacent to all vertices
C[1, i], and Claim 1 follows.

Claim 1 implies that

(8) C has no*-vertex, 5� * < k.

Claim 2. C has no 3-vertex.

Proof. First, it is easy to see that the three neighb
of any 3-vertex are consecutive inC (otherwise there
would exist a chair or an xbull). Now assume th
C has a 3-vertexx. Enumerate the vertices ofC as
v1, v2, . . . , vk such thatx is adjacent tov1, v2, v3.
Since{x, v2} is not a homogeneous set ofG, there is a
vertexy adjacent tov2 and nonadjacent tox (the case
y is nonadjacent tov2 and adjacent tox is similar by
considering the cycleC′ = (C − v2) ∪ {x}). Note that
y cannot be adjacent to all vertices ofC, otherwisex,
v1, y, v4, v6 would induce a chair. Thus, by (7) an
(8), y must be a 3-vertex ofC. As mentioned above
the three neighbors ofy in C are consecutive inC.

Now, if y is adjacent tov1, v2, v3 thenx, v1, vk ,
vk−1 andy induce a chair. Ify is adjacent tovk , v1,
v2 theny, v1, vk , vk−1, x andv3 induce an xbull. The
casey is adjacent tov2, v3, v4 is similar, and Claim 2
follows.

By (7), (8), Claim 2, and by primality ofG, it
follows thatG= C.

Case 2. For all k � 7, G is Ck-free. In this case
we will see thatG is a pathPh for someh � 6. Let
P = v1v2 . . . vh be a longest induced path inG. AsG
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has an induced pathP6, h � 6. SinceP is a longest
induced path andG is chair-free, we have

t

y

t

Claim 4. P has no 3-vertex.

e

o

o
air
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ty

s 2

the
(9) P has no 1-vertex.

Next we prove:

Claim 3. For every vertex v outside P , the neighbors
of v in P are consecutive in P .

Proof. If not, then there existi, j such thati + 1< j

andv is adjacent tovi , vj but nonadjacent to allvj ′ ,
i < j ′ < j . As h� 6 andG is Ck-free fork � 7, i � 2
or j � h−1. By symmetry we may assume thati � 2.
Furthermore,i + 2 � j � i + 4.

Consider the casej ∈ {i+3, i+4}. Thenv must be
adjacent to all verticesv*, * � i and* � j : If not, let
* < i be the smallest index such thatv is nonadjacen
to v*. If *= i − 1 thenvi−1, vi , vi+1, v andxj induce
a chair. If* < i−1 thenv*, v*+1, v*+2, v, vj andvj−1
induce an xbull. The case* � j is similar.

Moreoverj �= i + 4, for otherwisevi+1, vi , vi−1,

v, vi+4 and vi+3 would induce an xbull. Thus,j =
i+3. Now, if i = 2 thenv4, v3, v2, v1, v andv6 induce
an xbull. If i � 3 thenvi , vi−2, v, vi+3, vi+2 induce a
chair.

Consider the casej = i + 2. In this case we ma
further assume thati � 3. First assume thatv is
nonadjacent tovi−1. Thenv must be adjacent tovi−2,
otherwisevi−2, vi−1, vi , vi+1 andv would induce a
chair. Now, if i > 3 thenvi−1, vi−2, vi−3, v, vi+2,
vi+1 induce an xbull (ifv is adjacent tovi−3) or vi−1,
vi−2, vi−3, v, vi+2 induce a chair (ifv is nonadjacen
to vi−3). If i = 3 thenv4, v5, v6, v andv1 induce a
chair (v is nonadjacent tov6) or v4, v5, v6, v, v1, v2
induce an xbull (otherwise).

The case whenv is adjacent tovi−1 is similar and
Claim 3 follows.

Claim 3 implies that

(10) P has no 4-vertex,

otherwise an xbull would exist, and

(11) P has no*-vertex, 5� * < h,

otherwise a chair would exist.
Proof. Assume to the contrary thatx is a 3-vertex
of P . By Claim 3, the three neighbors ofx in P are
vi, vi+1, vi+2 for somei. As h � 6, we may assum
thati � 3.

Since {x, vi+1} is not a homogeneous set ofG,
there is a vertexy adjacent tox and nonadjacent t
vi+1 (the casey is nonadjacent tox and adjacent to
vi+1 is similar by considering the pathP ′ = (P −
vi+1) + x). Now, if y is adjacent tovi+2 then by
Claim 3, y is nonadjacent to allvj , j � i, hence
vi−2, vi−1, vi , vi+1, x and y induce an xbull. Ify
is nonadjacent tovi+2 then y must be adjacent t
vi−2, vi−1, vi since otherwise there would be a ch
or an xbull.

Thus, by (10) and (11),y is nonadjacent to all othe
vertices ofP . But nowvi−2, y, x, vi+1, vi+2, vi+3 (if
i = 3) or vi−3, vi−2, vi−1, y, x, vi+2 (if i > 3) induce
an xbull. Claim 4 follows.

Claim 5. P has no 2-vertex.

Proof. Assume to the contrary thatx is a 2-vertex
of P . By Claim 3, and asG has no xbull, we may
assume thatv1, v2 are the two neighbors inP of x.

Since{v1, x} is not a homogeneous set ofG, there
is a vertexy adjacent tox and nonadjacent tov1. Now,
by (9), (10) and Claim 4,y cannot be adjacent tov2, v3
andv4, hencev1, v2, v3, v4, x andy induce an xbull.
Claim 5 follows.

By (9), (10), (11), Claims 4 and 5, and by primali
of G, it follows thatG= P . ✷

5. An efficient robust MWS algorithm on chair-
and xbull-free graphs

By the Co-Gem Lemma as well as by Lemma
and 3 we obtain the following theorems.

Theorem 1. If G is a prime (chair, xbull)-free graph
containing a co-gem then G is an induced path Pk ,
k � 6, or an induced cycle Ck , k � 7, or a thin spider.

Proof. If G contains an induced co-gem then, by
Co-Gem Lemma and sinceG is (chair, xbull)-free,
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Input: A prime graphG= (V ,E) with a vertex weight w
Output: αw(G) or “G is not (chair, xbull)-free”
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(chair, bull)-free graphs is given improving the result
of [13].
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1. if G is co-gem-free
2. then computeαw(G)= max{w(v)+ αw(G[N(v)]): v ∈ V }

and STOP
3. else if G is not a path and not a cycle and not a thin spider
4. then output “G is not (chair, xbull)-free” and STOP
5. else computeαw(G) in the obvious way

Algorithm RobustMWS.

G contains an inducedP6 or an induced net. The
Theorem 1 follows from Lemmas 2 and 3.✷
Theorem 2. If G is a prime (chair, co-P)-free graph
containing a co-gem then G is an induced path Pk ,
k � 6, or an induced cycle Ck , k � 7, or a thin spider.

Proof. The proof of Theorem 2 is literally the same
the one of Theorem 1.✷
Theorem 3. If G is a prime (chair, P5)-free graph
containing a co-gem then G is a thin spider.

Proof. If G contains an induced co-gem then, by t
Co-Gem Lemma and sinceG is (chair,P5)-free,G
contains an induced net. Then Theorem 3 follows fr
Lemma 2. ✷
Theorem 4. If G is a prime (chair, bull)-free graph
containing a co-gem then G is an induced path Pk ,
k � 6, or an induced cycle Ck , k � 7.

Proof. If G contains an induced co-gem then, by t
Co-Gem Lemma and sinceG is (chair, bull)-free,G
contains an inducedP6. Then Theorem 4 follows from
Lemma 3. ✷

Combining Theorem 1 and the O(m · n) time
MWS algorithm for co-gem-free graphs pointed o
in Section 3 we obtain the robust O(m · n) time
AlgorithmRobustMWS (see above) for (chair, xbull)
free graphs. As already mentioned, we may restrict
attention toprime input graphs.

Note that similar robust algorithms can be obtain
for MWS on (chair, co-P)-free graphs by Theorem
on (chair,P5)-free graphs by Theorem 3, and on (cha
bull)-free graphs by Theorem 4. Note also that alre
in [2] an O(n ·m) time robust algorithm for MWS on
6. Concluding remarks

The O(m ·n) time MWS algorithm for co-gem-fre
graphs pointed out in Section 3 suggests conside
larger and larger classes for which the MWS probl
can be solved in polynomial time as follows.

First, letC0 be the class of allP4-free graphs. Then
for everyk � 1, let

Ck := {
G | ∀v ∈G: G[N(v)] ∈ Ck−1

}
.

Recall thatN(v) := V (G) − (N(v) ∪ v). Thus,C1 is
exactly the class of co-gem-free graphs. Clearly,
MWS can be solved in time O(m · nk) for graphs in
Ck. So, the question arises: Given a graphG, can one
efficiently compute the smallest numberk such that
G ∈ Ck? Unfortunately, this problem is co-NP-hard:

Observation 1. Given graphG and an integerk.
Deciding whetherG does not belong toCk is NP-
complete, even for triangle-free graphs and for pla
graphs of maximum degree 3.

Proof. We reduce the MS problem to this proble
GivenG andk, let H be the disjoint union ofG and
an inducedP4. We claim that

α(G)� k if and only ifH /∈ Ck.

To see this, note first that an arbitrary graphX belongs
to Ck if and only if X is (kK1 ∪ P4)-free wherekK1
denotes the union ofk isolated vertices. Now, assum
that α(G) � k and letS be a stable set of at leastk
vertices inG. Consider a vertexv ∈ S. ThenH [N(v)]
contains an induced(k − 1)K1 ∪ P4 and therefore
H [N(v)] /∈ Ck−1. HenceH /∈ Ck .

Conversely, assume thatH /∈ Ck . By definition,
there is a vertexv ∈ H such thatH [N(v)] /∈ Ck−1.
Thus,α(H [N(v)]) � (k − 1) + 2 = k + 1 and then,
H [N(v)] contains an induced(k − 1)K1 ∪ P4, im-
plying α(G) + 2 = α(H) � α(H [N(v)]) + 1 �
(k + 1)+ 1. Henceα(G)� k.

As already mentioned, it is known that the M
problem is NP-complete even for triangle-free grap
[23] and for planar graphs of degree 3 [14]. No
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the second part of the observation follows from the
definition ofH . ✷
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CAAP’94, in: Lecture Notes in Comput. Sci., vol. 787,
Springer, Berlin, 1994, pp. 68–84.

ac-
B
8th

air-

lity:
San

ol of

uter

r

for
.
et

nd

w-
.
tion
rial

hs,

lité
980)

ript,

sur
rne,

itu-
tp://

cor.
Another question of interest is to find (robus
algorithms for the Maximum Weight Clique proble
on the classes discussed in Section 5.
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